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LOCAL INSTABILITY OF HORIZONTAL TUNNELS
OF POLYGONAL SHAPE IN VISCOELASTOPLASTIC MASSES

D. V. Gotsev, I. A. Enenko, and A. N. Sporykhin UDC 539.374

The local instability of a horizontal mine tunnel with a regular polygonal cross section in a viscoelasto-
plastic rock mass is studied within the framework of the exact three-dimensional stability equations.
The effect of rock-mass parameters on the critical pressure is estimated.
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It is known that the solution of mining engineering problems related to roadway construction and oil- and
gas-well drilling reduces to the formulation and solution of problems of the local instability of rock masses in the
neighborhood of tunnels under elastoplastic strains [1-4]. This is due to the fact that around tunnels and wells, the
stresses at even small depths up to 1 km exceed the rock strength limit, because of which the rock reaches the state
of inelastic deformation before the onset of local buckling. The first stage of the solution of this problem consists
of finding the stress—strain state of infinite space under dead weight with an infinite cylindrical tunnel having a
regular polygonal cross section. The second stage consists of solving the linear problem of stability, i.e., finding the
critical pressure distributed uniformly over the tunnel contour. Unlike in [2], in the present paper, we study the
local instability of the rock in the near-wellbore zone of a horizontal tunnel with a polygonal cross section using the
exact three-dimensional equations of [5]. The properties of the near-wellbore rock are simulated by the relations of
a viscoelastoplastic body with translational hardening [6, 7.

In this case, the loading function is given by

F = (8] = e(e])P" = n(e)P)(S] — c(eh)P = n(el)P) — k2, (1)
and the relations of the associate flow law are written as
(e)P' = A(S7 = ()P = n(ed)P). (2)

Here c is the hardening coefficient, n is the viscosity coeflicient, k is the yield strength, Sf = ag — 062 is the stress
tensor deviator, o = allj /3, (5{ is the Kronecker delta, Ef are the strain tensor components, eg are the strain rate
tensor components, and A is a positive factor.

Investigation of the basic state of a body of volume V' characterized by the displacement vector u;(z, t), the
stress tensor &g (zk,t), and the vector of volume X X, and surface P; forces reduces to solving a system of variational
differential equations subject to appropriate boundary conditions [4].

The equilibrium equations for the regions of plastic (VP') and elastic (V®!) strains are written as

Vi(aé + 6LV ) + X; — psPuj = 0, s =iw. (3)
The boundary conditions on the outer surface Sgl (accordingly Sf;l) are given by
Ni(a; + 6L V% ) = pj, u;j — 0. (4)

In this case, p; = prVFu; and X; = X xVFu; for “follower” loading and p; = X; = 0 for “dead” loading. Here and
below, V denotes covariant differentiation, the superscripts “el” and “pl” denote quantities that refer to the elastic
or plastic region, respectively, and a circle at the top denotes the components of the basic unperturbed state.

Voronezh State University, Voronezh 394006; enenkoira@yandex.ru. Translated from Prikladnaya Mekhanika
i Tekhnicheskaya Fizika, Vol. 46, No. 2, pp. 141-150, March—April, 2005. Original article submitted May 31, 2004.

0021-8944/05/4602-0267 (© 2005 Springer Science + Business Media, Inc. 267



The continuity conditions on the elastoplastic boundary ~ are given by
[Ni(0} + 65, V¥u;)] =0,  [ug] =0. (5)

For an incompressible viscoelastoplastic material in the case of an inhomogeneous basic state in the plastic
and elastic regions, the relationship between the peak values of the stresses and displacements can be written as

Oij = Ea,aa%gaﬁ + 2pei + 812(1?3* + DGij- (6)

The coefficients aj; have the form
a; = afi;(—2fi1 +r*f22)/3, a3; = afi;(fi1 — 2r° f22)/3, aj; = afi;(fi1 + 77 f22) /3,

0 = —2afyfin fiy=Sh-cl a= 4l /Rt o), v
where p is the Lagrangian factor, s = iw (w = a + i), and p is the Lamé parameter. For a = 0, relations (6) and
(7) correspond to the elastic region.

System (3)—(7) is a closed system of equations for stability problems in which there is an interface between
the regions of elastic and plastic behavior of the material under loading.

A rock mass with a horizontal tunnel having a regular polygonal cross section (with rounded angles) will
be modeled by an infinite weightless plate with a polygonal hole of radius Rp, whose contour is subjected to a
uniformly distributed load go (the fluid or gas pressure on the tunnel). The quantity of gq is such that the plastic
region completely encompasses the tunnel contour. At infinity, the stresses in the plate tend to the quantity gh
(g is the volumetric weight of the rock and h is the tunnel depth), i.e., the inherent stress in the rock mass (before
tunnel boring) is considered hydrostatic.

In the determination of the components of the basic stress—strain states, all functions are written as series in
powers of a small parameter § that characterizes the deviation of an unperturbed state from the initial state, i.e.,
the deviation of a circle of radius Ry from the regular polygon (B-gon) whose contour is given by

Rp = Z 6"R(n) Ry (1 + 6 cos BO — §2d'2(1 —cos2B0 + .. )), 0<6<2m,
n=0

cl pl n (n) el() pl(n)
{Uij’ zg’ 1_]’ 1]7' } § :5 { zg ’ ’Lj 1 Eij 7€ij ’}

The zero approximation corresponds to the axisymmetric state of a plane with a circular hole of radius Ry,
and in polar coordinates (r,#), according to [8], it takes the following form:
— in the plastic region (Ry < r < 1),

4 2ue=t /1 1
0@ = g0+ XK [c+ pe (7_7>+(1_e—at)lnL}

2u+ec 4p R?  r2 Rol’
0 _ _, o b [C“Ne_“t (L i) 1—e ) (1+m )], 8
% Ot o el 4 ) Tl ng ®)

210 _ i) _ XL —e™) (i - 1)
0 " 2u+c  \r? ’

where p is the shear modulus, y = sign (qo — gh), and « = (2u + ¢)/7;
— in the elastic range (1 < r < c0),

1 1
o _ 3 o) _ _ - pl(O) 100 _ X
o, =—gh x oy’ =—gh+ 2 Fors —ePV = —2/”2. (9)

The equation for the radius 4(?) of the elastoplastic boundary in the rock mass has the form

lgo — gh|(2u + ¢) — 21+ 4pIn Ro(1 — e= ) — (2ue™*" +¢)/R2 = 0. (10)
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According to [8], the first approximation is written as follows:
— in the plastic region (Ry < r < 1),

ol —

@(1 1 lnL)—s—QARodl

— -2
2

Rig r2 Ro (\/ﬁsin ¢1 — cos ¢1) cos BO,

r

R

11 2ARyd
<1>—m1( —2—2111L)+ Bod

=2 \gTe R

5 (v/ B? — 1sin ¢y — cos ¢1) cos BY,

r

2my ARyd’
TT(;) = —ml% cos ¢} sin B6,

2 1 1
551(1) = —7;11 (1 - a02—|— ) - f{B\/ B2 —1(c18in¢ — ¢5 cos @)
W r r

! _ a—at
- ,uéfojc) [((1 + B%)cos ¢y — /B2 — 1sin¢) L;)

r
32(2 e—at —‘rC) ) .
+ ?(SIH% ++v/B2—11Inrcos gbl)} } sin B6,
1(1
epl1) _ P,
Here
ARyd’

o = {u(L = =) (B2 — 1) cos g

Bu(2u+¢)(B? —1)

+ VB2 —1[u(m® —1)(1 —e™") = B(2p + c)]sin ¢o},

AR d/ 2 —at 2
“ 7~ Buu+ 5(32 —1) (VB2 = 1[u(1 = ™) (B +1) = m(2u + )] cos b

+[B2(2pe™ +¢) + (1 — ™) (B = 1)u] sin ¢},

b=B2—1lnr, ¢ = \/ﬁlnRLO, ¢o= /B2 —1InRy, ap= ;(]% —1—|—21nR0>;
— in the elastic range (1 < r < 00),
o =t - 5 (G~ )+ (G - S ) o,

(1) _  Tmaag M(B B72)+N(B72 B+2

rB rB+2

—_ cos Bo
rB+2 rB ) ’

Tr9_2

where M = 2ARyd’ (vVm? — 1 sin ¢y + cos ¢g) and N = 2BARqd’ cos ¢p.
The equation for the radius v(!) of the elastoplastic boundary has the form

(1)_M(B B)—N(B B+2

-—= — — —— | sin Bf
rB+2 B rB  pB+2 ) ’

@ _Crtomag  2ute gy BA
0 Ap(1 = eoh) + 2u(1 — o7 od' cos ¢g cos BO.

(11)

(12)

(13)

In (8)—(13), all quantities having the dimension of stresses are related to the yield strength k, and those

having the dimension of length to the radius 7(°) of the elastoplastic boundary in the unperturbed state.
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To determine the zero and first approximations of this problem, we used the equilibrium equations, the
plasticity state (1), the associate law of plastic flow (2), the relations linking the total elastic and plastic strains,
the general equations of elastic theory, boundary conditions, and joining conditions for the solutions in the elastic
and plastic regions.

Under the assumption of continuing loading [5] and incompressibility of the rock mass, Eqgs. (3)—(7) are
a closed system of equations for studying the stability of the basic state (8)—(13) of a horizontal tunnels with a
polygonal cross section in the case where there is an interface between the regions of elastic and plastic behavior
of the material in the loaded rock mass. This is a system of partial differential equations for the displacement
vector component u, v, and w and the hydrostatic pressure p in the plastic and elastic zones of the rock mass. The
nontrivial solution of this problem corresponds to the loss of stability of the basic state. To find the eigenvalues
of the problem, we approximated the displacement and hydrostatic pressure in the zones of elastic and plastic
deformation of the rock mass by double trigonometric series:

o0 o0

u = Z Z Ay (1) cos m@ cos nz, v = Z Z By (1) sinmb cosnz,
n m
oo oo oo oo

w = ZZCnm(r) cosmbsinnz, p= ZZDnm(r) cosmb cosnz
n m n m

(n and m are wave-formation parameters).

Substituting the functions u, v, and w, p into the linear stability equations (3) and taking into account (6)
and (7) and the incompressibility condition, after a number of transformations, we obtain the following infinite
system of ordinary differential equations for A,,, and By,:

GA(P) + LA (r) + &A"(r) + &A” (r) + AT (r) + &B(r) + &B'(r) + &B' (r) + &B" (r) = 0,

§10A(r) + E A (1) + E12A" (1) + §13A" (1) + £14B(r) + &5 B'(r) + &16B" (1) = 0. (14)

Here
L o 2 2 2 2
51:{agm—l—;(am’g—ag)—?(l—i—m)—i—rpw —mZaiy — npur

1 1 /3 3m? m?
+ *[(17—a11,9 —7‘&3,7«4—*2(% (1—m?) -
r n?\r

1 3
—&—f(r,owQ—f( Tro.0 — 309 ") — 5JST+7"02,,T+T799T9>)}}cosm9+{a4—a12’9+7"a4,r—a8—7799,«
r r ' ' ' ,

67' 4 4

3 1 .
2 T T2 Th.0 + Troo + 0997>:|}mslnm97

1
+r[a11_a10_099+ (

0 0 0
£y = {a1 +a2—2a3—as+ar+r(a, —as,) +age —aie — o, + TO. .+ Tro.0
2 m2

1 1p m
()\+M)_7|:72(3+m2)+7ﬁ720-8_Tag,r

1 3 9
+ - (pr2 + ro?m - 7',9979 + - or + 7’799,749 — 5027,4)} } cos mb

3 17275, 1 1
o van—m—2 (14 2) + LT Lon e Lon s
rag a1 ag Tro ’]"2n2 7‘2 0'9,9 TT@,'I"Q , 0-9,97" m Ss1m

n2 r

& = {rla —az+ %) + (r = (A +p)
1 n m?2 3 1 m
—ﬁ[rpr—?(m2+3)—708+02,r—;0 +79T9+r0 }}cosmG—i—{;ogﬁ,,—i—?)Tng}ﬁ sin m#,
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L 2 . + o?
§a=—— {2100, 421+ T2 o} cosmb + 77721 70 sinm#, &y = _Lﬁ cosmb,
n ’ ’ n n

1
0
&6 = {CLQ,T- — a2 + - [alo,e —ag — 209 — Q11,0 + a7 — Ta3,,

1 (u 3m? m? 3 1
—= (5 G+3mH) + —-0) — —o0p), +pwr— =00, — =75
n2 \ y2 ( ) r2 0 r 0,r p ro T r2 76,0
T o_ o L o 0 L. o 2
+ 200 = Orpr = Tropg ) | [ COS ml + a4, — @129 + a4 —ag — T, — - (og9 +m=(a10 — a11))

m?2 1

2 4 3
0 0 0 0 0 :
- T + T + g, — Tr0 00 — g :| } S m0
n2r |:,',,2 0 r ro,r 72 0,0 r0,ro r 6,0r ’

1 m?
& = {ag +raip —az — p—e [rpr + % (3—m?) — e og + 10y,

3 9
- - 799 0+ — 02 — 50’2T + 7'799 re} }mcosm9
r o r ) ,
2 m? /6 1
0 0 0 0 :
+ {r(alzg — a4 +ag —rag, — - ra) ~ 2 (; Tro — 37',"977" - 0979) } sinm#,
2
m 2m
0 0 0 0 2 :
8:——{27"0 —2u —4o,. + T, }cosm@—k{—T - a4}smm9
g rn2 r,r 2 r 6,0 rn2 6 ’
0
m(u + o
&9 = ,M cosmd,

n2

1 1
10 = m{a&g —2a12 — a1z, + - [a7 —ag — 202 + pe (pr2 + g (1- m2)

m 1
- 703 - OBT - = (7’39 0 — 302))} } cos mf sin m@
r ’ r ’
1 1
+ {; [(aw —an) (2 - ;) + a1o0,r + ag0 + TTS&,r + 02,9 — a1, —arg + rm2a8] } cos® mb

m\2(1 . 9
+ (ﬁ) {;(27}9@—03,9)—7’?9,T}SIH mo,

i1 = m{a7 — a2 —as+ %[(/\ +p)(1 =)

_|_i 2_&(14_ 2)_m72 0_‘_0_’_1(0 _3 O) y 93 9
n2 T pw , m , Og 0'7,7,,. , 7'7.979 o, COs mu s1im m

1 1
+ {27',(.)9 + 2a9 + ag,, + - G10,r + 050 — Q11 — Q7,9 — Q11 (2 + ;) } cos® mé

2
m* (1 0

0 0 . 9
- {; (27,9 + 0979) + 7',.9,7.} sin® m#,

2
m . 2m .
£1g = pn {2p+ro), + 70 0} cosmb sinmb + {ag — a11} cos® mh — ey 79 sin? mé,

13 = % {p + 0%} cos mf sin m#,
n

. B _ 9 m\ 2 oo 1 0
14 = Jagp — 2a12 — @12, +rpw” (14 | — n°ur op
rn r

(15)
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2 2

1 rp m 1 .
+ o [a7 —ag — 0 + W(; (1—m?) — e og — o0, — - (Tr0.0 — 302))} } cos mf sin mo
+ 7{(a10 —a) (2 - ;) + a0, + TTSQ,T + 0379 +age — a1, —are + rag} cos® mé

3

0 0 0 .2
~ 5 {279 — Tgo— rTrG’T}sm mé,

1 m 2 .
15 = {7”(2@12 +aiz, —asg+ oy, + - (Tro.0 — 02)) + (%> (Tro,0 + 707, — 307 — N)} cos mf sinmf

2m3 .
+ m{; (a10 — a11) — ras + 275} cos* mf — 2,2 79, sin? mé),

m 0 m2 0 .
&16 = ﬁ{r(alg +o.)+ pe (n+ O'T,)} cos m# sin m#.

In this case, in the plastic region VP! in the rock mass, the precritical state is defined by formulas (8) and

(11), and in the elastic range V°, it is defined by formulas (9) and (12). For simplicity, in (14) and below, the
subscripts n and m at the quantities A and B are omitted.

For r = Ry(1+dcos BO — (3/4)62d"?(1 — cos2BO +...)) (0 < § < 2w), boundary conditions (4) on the inner
contour of the tunnel, in view of (6) and (7), become

Apr + Ao + A3 + A" s + Bips + B'pg + B o7 = 0,

Apg + A'pg + Bprg + B'p11 =0,

(16)

Apra + Ap13 + A% @14+ Bois + B'ois = 0,
where

1 1 U m? 1
01 = —;{ag —as—p+ e [rpr + ;(1 —m?) — - op + - (30) — 750 — rag,r)} } cos mb

I 2 1/, 1, .
tmfan—r (14 55 ) + a7 + o) fsinme,

n2r2

1 1
<p2:{al—a3+02—;[(1—7‘)()\—1—,@—}—ﬁ(rpwz—%(mQ—l—l—&—n%z)
m2

0 0 0, .0 m [l o 0 2 0
-9 + . (ro,.,. — 30, + Tre’e))} } cosmb + W{; Tggr + Tror + - Tg} sin m#,

1 0 0 2m 4 . p+ ol
Y3 =——5 170, +2u+T, os mb + — T,y sinmb, g = — ~
3 s {roy., 16,0} COSMM 2 Tro SILM 4

5 cosmd,
n

w5 = ——{ag—ag—,u—i— L[7‘p<02—|— ﬁ(1 —m?) — m—203+1(300—7%9 —ro? )}}cosm@
r rn? T r ro T nr

1, m\2/ , 1, 2 4 .
aq r Tro nr Tro,r r 99,0 r Tro mmu,

)

__m 0 0 0 m\? o :
Y6 = 33 {u+ 30, —ro, . — Thy gt cosmb + {Q(R) Trp — Tag } sinmo, (17)
i+ oY)

xe > cosmé, pg = - {a10 —a11 + 7'30’0} cosmbf — maqs sinmd,

Y9 = {(19 - (111} COS m9, $Y10 = — {(110 —ay + 7,99 9} cosmb — ai sin m97
r ’



4o ]

7_

1 T T T T T T T T T T T 1
-3 4 -5 -6 -7 -8 gh

Fig. 1. Critical pressure on the tunnel contour versus hydrostatic pressure gh (n = 0.001) for ¢ = 0.9
(1), 0.1 (2), and 0.01 (3).

0
. +o m .
p11 = {rais + 02} sinm#, P12 = {n,u _E 5 L } cosmfl — — 7'799 sinm#,
nr nr
p+ o) m oo o p+ o)
Y13 = cosmf — — 7,5 sinmd, P14 = cosmé,
nr
0 2 0
m(u + o m . m(u + o
V15 = 7(}’L727‘) cosmb — —2739 sin m#, V16 = mip+ o) cosmb.
nr nr nr

In view of (6) and (7), the stress continuity conditions (5) on the elastoplastic boundary v = () 4 §1)
(0 < 6 < 27) are written as

AplCl +A/p<2 + A//pSﬁgl o A”egogl +AWPQDZI _ A///p(pgl + Bplc5 + B/pC6 + B//pS0I7)1 _ B”eQO67ﬂ =0,
APIGs + APCo + BP' 1o + B¢ = 0, (18)

AP Gy + APCys + APR) — A", + BP'(i5 + B (16 = 0,

where ¢; = P! — o (i=1,2,...,16).
The condition of localization of the perturbations u; — 0 as r — oo (j = 1,2, 3) implies that

(A/)el — 0’ (Al/)el _ 07 (B/)el _ 0’ (B//)el =0. (19)

Since it is not possible to find the exact analytical solution of the boundary-value problem (14)-(19), we
seek an approximate solution using the finite difference method [9]. The method is based on the replacement of the
derivatives of the functions A(r) and B(r) by finite-difference expressions. As a result, we obtain a homogeneous
system of algebraic equations linear in the parameters A, and B,,,. From this it follows that the determination
of the critical load gg corresponding to local buckling of a horizontal tunnel with a polygonal cross section reduces
to solving a matrix equation. In the calculation of the determinant, along with finding the basic stress—strain
state for each region VP!, V¢ of the rock mass (8), (11), (9), (12), it is necessary to take into account Eqgs. (10)
and (13), which define the position of the elastoplastic boundary + in the rock mass. Minimization should be
performed for the difference-grid size, the wave-formation parameters along the contour m and the generatrix n,
and the material and design parameters A;. Thus, we obtain the problem of multidimensional optimization of the
quantity go as a function of m and n provided that the determinant of the resulting algebraic system is equal to
zero: det (go, m,n, \j) = 0.

The calculations were performed for the case where the rock mass contained a tunnel having a cross section
in the shape of a square (B = 4) with rounded angles. Figures 1-3 show the critical pressure on the tunnel
contour versus hydrostatic pressure gh. It was assumed in this case that Ry = 0.4, § = 0.06, and ¢ = 1 and the
wave-formation parameters n = m = 4.
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Fig. 2. Critical pressure on the tunnel contour versus gh for ¢ = 0.1 and n = 0.001 (1), 0.01 (2),
and 0.1 (3).

Fig. 3. Critical pressure on the tunnel contour versus gh for ¢ = 0.9 and n = 0.001: curves 1 and 2

refer to a tunnel in the shape of a regular tetragon with rounded angles (B = 4) and circle (B = 60),
respectively.

An analysis of the numerical experiment shows that:

— The critical pressure on the tunnel contour increases with increase in the depth of tunnel location (see Figs. 1-3);
— the critical pressure on the tunnel contour increases with increase in the hardening coefficient ¢ (see Fig. 1);

— the buckling load on the tunnel contour decreases with increase in the viscosity; in this sense, it is possible to
speak of the stabilizing role of viscosity in the medium (see Fig. 2);

— the stability region is larger for a circular cylindrical tunnel than for a tunnel with a square cross section (see
Fig. 3).

Setting 6 = 0 in relations (8)—(13), we arrive at the results obtained in [4] for a circular cylindrical tunnel.
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